Anais da Academia Brasileira de Ciências (2015) 87(2) 
INTRODUCTION
The use of the diffusers on the horizontal-axis wind turbines aims at increasing the mass flow through the wind rotor. This effect increases the available rotor power, which in turn extracts more kinetic energy from the flow, when compared to a bare turbine (without diffuser). In recent years, the diffuser technology has been studied by many researchers around the world because of the improvement that the diffuser is capable of producing in wind turbines, particularly for small systems (Igra 1981 , Chen et al. 2012 , Kishore et al. 2013 ). Ohya and Karasudani (2010) showed that the enhancement caused by the diffuser improves the rotor power coefficient by four to five times more of that of a bare wind turbine. A diffuser is a device that induces a pressure drop in the exit region (suction region downstream of the diffuser), and accelerates the fluid particles through the diffuser, increasing the flow velocity near the inlet (Bussel 1999) . The diffuser induces an additional mass flow to the turbine, and the turbine power is proportional to the third power of the flow velocity through the rotor plane, but not to the third power of the free stream velocity. In fact, in this case, as analyzed by Jamieson (2011), the upstream source area is k times greater than the rotor swept DISTERFANO L.M. BARBOSA et al. area, where k is the speed-up factor which increases the local air velocity at the rotor plane. Thus, it then clear that the energy extracted from the free wind velocity is no more than k times the energy produced by a bare turbine, at same conditions, and k 3 times of what can be extracted from the streamtube. Oman et al. (1975) , Foreman and Gilbert (1979) showed that the increasing of the diffuser velocity speed-up ratio (ratio between the maximum velocity in the diffuser and the undisturbed free-stream flow velocity) can be of two or more times, resulting in a proportional increase in the power coefficient, exceeding the Betz limit (1926) which is 59.26% in the case of the turbines without diffuser. Hansen et al. (2000) conducted a study on diffuser augmented turbines using Computational Fluid Dynamic (CFD), where the increase of the velocity in the rotor plane was 1.83 for a case in which the cross section of the diffuser was the deformed NACA 0015 airfoil. These aspects highlight the importance of the development of models capable of accurately designing DAWTs. The main limitation of the diffuser augmented horizontal-axis wind turbines design, is that there is no formulation able to satisfactorily describe the diffuser geometry influence on the internal velocity profile. For overcoming this limitation, the present study shows a mathematical model which describes the internal velocity profile of a conical diffuser, using the Biot-Savart's Law (Kart and Plotkin 2001, Van Beveren 2008) to calculate the velocity induced by a vortex ring. As a complement, the results are compared with experimental data obtained for three different diffusers, and this reveals good agreement.
MATHEMATICAL MODEL
The velocity field in the conical diffuser is a combination of uniform and induced flows. The uniform part is defined as the undisturbed free-stream flow that arrives to the diffuser. The induced part is the influence provided by vortex ring. In this work a mathematical model for the induced velocity is presented, which depends on the diffuser geometry. Figure 1 shows two vortex rings using Biot-Savart's Law (Kart and Plotkin 2001, Van Beveren 2008) in cylindrical coordinates, where it is necessary to define the vortex element and position vector in relation to the axis of symmetry. 
CONICAL DIFFUSERS APPLIED TO DAWTs
The Biot-Savart's Law is defined by:
where du i → is the induced velocity field, dl → is an elemental length of the vortex ring, dr → is the position vector and K is the circulation. The mathematical model considers the following assumptions: conical diffuser; the suction at the outlet of the diffuser is modeled using a vortex ring; the lock due to the presence of the diffuser on the flow is modeled as a steady inverted vortex ring and unidirectional. The inner vortex ring is responsible for increasing the flow velocity along the diffuser, and the frontal vortex ring predicts the reduction of the flow velocity near the inlet of the diffuser for high opening angle.
The total velocity induced by the two vortex rings is the sum of the individual velocities du i
and du i → ,2 , then:
Applying Eq. (1) in Eq. (2):
After some mathematical algebraic, and taking only the velocity in the direction of the longitudinal axis of the diffuser, the velocity induced by the vortex rings is (Barbosa et al. 2013) :
where R is the radius of the diffuser outlet, r is the radius of the diffuser inlet, a is the distance from the origin to the diffuser inlet, c and z are the distances from the vortex rings to the inlet part, and ϕ is the opening angle of the diffuser. For calculation of the circulations K 1 and K 2 , the geometry of the diffuser, the behavior of the flow around the diffuser and the structure of the vortex formed in the inlet and outlet, are considered as shown in Figure 2 . For calculating the circulations K 1 and K 2 , the following definitions are used:
where V T,1 = V 0 sin ϕ and V T,2 = V 0 cos ϕ are the tangential velocities of the elementary vortex, obtained from the freestream velocity decomposition. In this case, it is admitted that the elementary lengths, ds 1 and ds 2 , depend of the elementary vortex radii, b 1 and b 2 , as shown in Figure 2 . Based on the structure of the vortex:
where y is obtained by similarity of triangles shown in Figure 2 . Therefore, ds 1 = b 1 dα 1 and ds 2 = b 2 dα 2 , and α 1 and α 2 are the elementary vortex angles. Equations (5) and (6) are reduced to:
where ξ 1 and ξ 2 are proportionality constants that act as correction factors. The minus signal in Eq. (9) means counterclockwise due to the reverse direction of the frontal vortex ring.
Van Beveren (2008) shows that the internal velocity profile of a diffuser is given by the sum of the velocity induced by the ring vortex and the undisturbed flow velocity:
The ratio of the effective velocity u(x) to the freestream velocity V 0 is called diffuser velocity speed-up ratio, and is denoted by:
The parameters c, z, ξ 1 and ξ 2 are obtained empirically based on experimental data, as will be seen later.
EXPERIMENTAL MEASUREMENTS
The model validation was done using data acquired from experimental measurements on velocity and dynamic pressure of three different 0.5mm thick conical diffusers shown in Figure 3 . The geometric configurations of the diffusers were chosen to evaluate the behavior of the axial velocity along the diffuser for different opening angles and different lengths. Matsushima et al. (2006) showed that the diffuser velocity speed-up ratio increases more steeply for angles less than 4° reaching and reaches the maximum when opening angle is 6°. For angles wider than 6°, the speed-up ration begins to decrease. The dimensions of the three diffusers are shown in Figure 4 , and were used in the mathematical model.
The experiment was conducted in a wind tunnel (controlled by frequency inverter) operating at three different rotations, 400, 600 and 800rpm, corresponding to speeds 4.05, 6.65 and 9.05m/s, respectively. CONICAL DIFFUSERS APPLIED TO DAWTs
The purpose of using the three speeds was to evaluate if diffuser velocity speed-up ratio depends only on its geometry. Measurements of dynamic pressures were performed using a type L Pitot probe of 7.0mm diameter and 300mm length. The apparatus also comprised a digital micro-manometer, a linear positioner and a microcomputer. The displacement of the Pitot tube on the linear positioner was controlled by the microcomputer. The option for Pitot probe occurred due to the initial purpose of determining the velocity distribution along the axis only, leaving aside the quantification and characterization of the vortices generated; otherwise laser Doppler anemometry (LDA) or particle image velocimetry (PIV) could be applied, as commonly used in turbulent flows (Hoopen 2009 , Hu et al. 2012 . The velocity distribution along the axis for a given diffuser is a function only of space and geometric dimensions. So, for any values of speed imposed to the diffuser, the velocity speed-up ratio curve has the same shape, as will be shown after. The measurements were performed with the diffuser positioned right in front of the tunnel exit, under the action of air jet. This configuration was chosen due to the fact that the cross section of the wind tunnel (310mm x 310mm) was insufficient to hold the body of the Diffuser 1 (outlet diameter D = 259mm), and it would induce wall effects on the flow surrounding the diffuser. Figure 5 illustrates the experimental apparatus.
As the flow was similar to air jet, it was necessary to accomplish a mapping of the influence region of this jet (external to wind tunnel) to verify if the flow would maintain itself uniform as it moved away from the wind tunnel exit. So, three velocity profiles were measured from the wind tunnel exit, without Based on the verification that the air flow outside of the wind tunnel was uniform until 450mm, the experiments were done on diffusers positioned 250mm far from the exit of the wind tunnel. An example of the velocity measurements with Diffuser 3 is shown in Figure 8 with the Pitot probe installed on the positioner. 
RESULTS AND DISCUSSIONS

EXPERIMENTAL RESULTS
The velocity values for each point along the longitudinal axis of the diffusers were obtained from a sample of 500 measurements. The results present uncertainty of 0.04m/s at 95% of confidence level, which enables adequate repeatability. The x-axis is normalized by using (x − a) / L, thereby the inlet of the diffuser is at point 0 and its DISTERFANO L.M. BARBOSA et al. outlet at point 1 for the three geometries. In addition, the diffuser`s inlet and outlet are delimited by dotted lines (Inlet and Outlet). In all Figures of this section, the statement "Without diffuser" means that the velocity profile becomes constant with a value equal to the freestream velocity, once there is not the influence of the diffuser. Figures 9, 10 and 11 show the diffuser velocity speed-up ratios for the geometries 1, 2 and 3, respectively. For each diffuser, it is confirmed that the curves of the velocity speed-up ratio depend only on the geometry. This result is very important, showing that the mathematical models based on the Biot-Savart's Law (Katz and Plokin 2001, Van Beveren 2008) are indicated for the determination of ε (x), since Biot-Savart's Law is a function only of the diffuser geometry. Note that the velocity increases between inlet and outlet for the Diffusers 1 and 3; and, for the Diffuser 2, increases at the inlet. The increased velocity is due to the flow separation near the wall, which creates a sub-atmospheric region at the outlet of the diffuser. Jafari and Kosasih (2014) developed an experimental and computational fluid dynamic study, where a significant power augmentation of a shrouded conical diffuser of a horizontal axis wind turbine was demonstrated. These studies found that the degree of the augmentation is strongly dependent on the shape and geometry of the diffuser such as the length and the expansion angle. According to Jafari and Kosasih (2014), the flow separation is significantly affected by the diffuser area ratio between inlet and outlet, which is responsible for variation of the velocity internally to diffusers. Ohya and Karasudani (2010) showed that if a long type diffuser is used, the air speed is accelerated further near the inlet of the diffuser. This effect occurs in the Diffuser 2 shown in Figure 10 . However, a long and heavy structure is not preferable in the practical sense. This velocity increasing effect has enabled the development of new technologies, which benefit from the modification of the diffusers geometries that have been widely studied in the last years (Ohya and Karasudani 2010, Abe and Ohya 2004) , in order to improve the wind turbine design, in more economic manner. Figure 12 shows, simultaneously, the velocity speed-up ratios for the three geometries. In this graph, it is noted that the opening angle is responsible for reduction of the velocity speed-up ratios, and the region of maximum velocity heads toward the outlet of the diffuser, for the cases 1 and 3. For Diffuser 2, the maximum velocity occurs at the inlet. A reduction also occurs in wind speed before it approaches the diffuser inlet, which is a result of the blocking effect caused by the diffuser on the flow due to the increase of the projected area on the perpendicular plane to the diffuser axis of symmetry. Another important result is the variation of the opening angle, because the velocity speed-up ratio can move inside of the diffuser, and for a higher angles, the maximum value position of ε (x) approximates the outlet.
RESULTS OF THE PROPOSED MODEL COMPARED WITH THE EXPERIMENTAL DATA
In order to evaluate the behavior of the proposed model, it is necessary to determine the parameters c, z, ξ 1 and ξ 2 which are obtained through the experimental data presented in the previous sub-section. Using the comparison between theoretical and experimental data, it was observed that the parameter c becomes the same value for the three diffusers, so, its value is:
This result for c indicates that the frontal vortex ring has fix localization upstream the diffuser. The computational problem was resolved with assistance of Matlab routines that use comparison method (Chapman 2010). With this approach, the rule is a curve where the mathematical model reaches the maximum value of the experimental curve, because the wind turbine must be placed at this position. For the parameters z, ξ 1 and ξ 2 , a relation was observed with the aspect ratio L / D; therefore, by using quadratic interpolation for these values, the expressions for z, ξ 1 and ξ 2 can be empirically determined:
Finally, by using Eqs. (4), (13), (14), (15) and (16), the mathematical model can be implemented for any conical diffuser, since these values depend only on the geometry. Figures 13, 14 and 15 show the velocity speed-up ratio calculated by Eq.(12) compared with experimental data obtained in this work. For Diffuser 1, the velocity speed-up ratio at upstream (undisturbed flow region) differs from the proposed model, due to the blocking effect, because the opening angle is 40°. From the minimum to the maximum point of the velocity speed-up ratio, the results show good agreement with experimental data, diverging from the maximum point up to diffuser downstream . This occurs due to the limitation of the theoretical model which considers only one vortex ring moving inside the diffuser. Hoopen (2009) demonstrates that it is possible to use Gibson's solution for elliptical integrals applied to the whole diffuser. In other words, for integrating a set of vortex rings along the axis of symmetry of the diffuser; however, more investigation is required. For the Diffuser 2, there was no reduction on the velocity upstream due to projected area to be minimum. This comparative result indicates that the mathematical model has limitations, but inside the diffuser region it presents a good behavior. In the case of Diffuser 2, shown in Figure 14 , for small expansion angle (5°), the vortex strength is very weak, since the model is represented by only one vortex ring, promoting the discrepancy on the velocity comparison inside of diffuser.
Comparing the results obtained in this work with those obtained by Abe and Ohya (2004) , there is a difference in the velocity profile along the axis. The flows on the Diffusers 1 and 3 tested here show reduction in speed before reaching the inlet, and differ from the comparative case (proposed mathematical model) and from the Diffuser 2 which shows acceleration of the flow from the upstream velocity at the diffuser inlet, followed by a deceleration, again reaching the freestream velocity at the outlet. This difference is probably caused by the opening angles of the Diffusers 1 and 3 tested (ϕ = 22.5° and ϕ = 40°), which causes blocking effect on the flow. It should be noted that the optimal value for this angle is adopted as ϕ = 4° (Chapman 2010). In a diffuser, the flow expands along its inner wall, resulting in decreased speed and consequently an increase in pressure coefficient toward the diffuser outlet (Abe and Ohya 2004) called adverse pressure gradient. Based on this, even with a large opening angle, the velocity profile of the diffuser entry is similar to those diffusers which have L / D reduced, or increased followed by speed reduction. Ohya and Karasudani (2010) indicated that for a diffuser with opening angle ϕ = 4°, the maximum velocity speed-up ratio is located inside the diffuser and near its inlet (see Fig.16 ).
Based on the study performed in this work, the opening angle ϕ = 5° for the Diffuser 2 reached the same results, that is, the maximum velocity point occurring for small angles and near the inlet. Therefore, it would be more convenient to install the turbine in the region where the velocity is maximum. However, Figure 17 shows that for bigger angles, the flow can be turbulent, and the turbine would lose the lift necessary for the extraction of the available wind energy, and consequently, there would be power coefficient decrease. It is necessary to conduct experimental measurements for other diffuser`s geometries to evaluate the parameters c and z, and refine the mathematical model. Therefore, the ideal position for installing a turbine is near the diffuser inlet, because in this region the stream lines are uniform (laminar flow), and it avoids the turbulent flow caused by boundary layer separation on the inner wall and belt region, taking advantage of the speed gains without compromising the increased efficiency of the turbine.
DIFFUSER EFFECT ON AN IDEAL WIND TURBINE -DAWT
For evaluating the results obtained in this work on the theoretical power coefficient of a DAWT, the model proposed by Rio Vaz et al. (2014) will be used, which is given by Eq. (17).
where max = ε max [(ε(x) )] is the maximum diffuser velocity speed-up ratio, and it corresponds to the position where the turbine must be installed in the diffuser. The axial induction factor ã at the rotor plane can be written as a function of the thrust coefficient C T , such as: Table I shows the maximum power coefficient obtained for an ideal wind turbine using the proposed model. Note that the maximum diffuser velocity speed-up ratio is the maximization of Eq. (12). Figure 18 shows the diffuser effect on the power coefficient of the wind turbine. It is observed that the diffuser improves efficiency, as shown in Phillips (2003) . In this case, better results were obtained for Diffuser 2, which provided 89.32% of maximum extracted energy, and, as a consequence, exceeded the Betz's limit.
Another important result is shown in Figure 19 , where the diffuser effect on the induced velocity at the actuator disc is presented. The result was obtained considering an ideal turbine (ã = 1/3), with V 0 = 1.0 m/s, and a cubic interpolation between V 0 , u = ε max (1−ã)V 0 , and u 1 = ε max (1−2ã)V 0 was done for the calculation of velocity profile flow. In this case, it is observed that the increase of the diffuser velocity speed-up ratio modifies the induced velocity at the turbine. This fact, shows that the flow velocity in the wind rotor plane is not the sum divided by two of the wind speed u 1 and the velocity in the wake u 1 , for the classical theory case (without the diffuser). This effect is noted for ε max = 1.5098, resulting in u 1 = 1.0064V 0 , and u 1 = 0.33V 0 . Thus, considering that there are no losses through the diffuser, the maximum energy extracted by a DAWT is C P max = ε max 16 27 .
In this work the power coefficient was considered for an ideal diffuser augmented wind turbine, where the effect of the insertion of the turbine blades into the diffuser is not computed. For a first design evaluation the proposed methodology gives good information on the diffuser effect. More details on the diffuser effect for wind turbine design can be obtained in Rio Vaz et al. 2014 , Fletcher 1980 , Dick 1984 . 
CONCLUSIONS
The velocity distribution obtained with the pro posed model adequately matches the experimental data inside the diffuser region up to the maximum velocity value, where the velocity gradient is positive. After this maximum value, the velocity gradient is negative and the theoretical results are in discrepancy with the experimental data, due to the viscous effects and separation flow, in particular for high opening angles of the diffuser, as already discussed. It is important to note, that the proposed model is based on the Biot-Svart's Law, which is obtained from classical potential theory, as described in Katz and Plotkin 2001 . Thus, the present approach does not take into account the viscous effect, which is predominant for high angles. Even if results are presented for high opening angles, the methodology is more adequate for small angles, as is the case for DAWT's applications. For small opening angles, like the Diffuser 2 (5°) the proposed methodology gives good results for engineering design purpose. It is intended that the elevated velocities occurs inside the diffuser, especially at the laminar region of the flow. The experimental data is important because it indicates the best position for placing a wind turbine. The blocking effect on the flow lowers the velocity profile near the diffuser inlet, specially for wide opening angles. Therefore, it is necessary, in principle, to use small opening angles (ϕ = 4°) in order to reduce the blockage effect on the flow at the diffuser entry region for preventing the increase of pressure and the consequent speed reduction. It will be seen ahead that such condition is of extreme importance for placing turbines in the diffuser inlet region.
In the design of wind turbines with diffusers, analytical models, as proposed in this work, are important because these can be coupled to existing classical models, such as Glauert (1947) and Rio Vaz et al. (2013) in order to supplement or improve them. Experimental data for other configurations of conical diffusers are currently being obtained to better evaluate and refine the mathematical model proposed. It was also observed that the ratio of length to diffuser outlet diameter (length ratio) is closely related to the location of a maximum velocity speed-up ratio. Thus, the proposed model has limitations, such as not taking into account the variation of the velocity for each cross section of the diffuser. It can be inferred that, for small expansion angles, the velocity at inlet is maximum and could be almost uniform. However, for the large expansion angle case, the separation is expected within the diffuser, which indicates that the velocity might not be uniform. Thus, more investigations about this matter are necessary. For example , Rio Vaz et al. (2014) developed an extension of the blade element momentum method applied to DAWT, and showed that the diffuser velocity speed-up ratio is a function of the radial position for a flow assumed as axisymmetric. In this work the velocity variation along the radius of the diffuser is similar to that obtained along the longitudinal axis. The results presented are important principally for regions not affected by the flow separation. In these cases, the results can be significant and applicable to DAWTs project aiming at the enhancement of the extraction of wind energy, resulting in increased efficiency. DISTERFANO L.M. BARBOSA et al. 59,26%. Assim, o presente estudo propõe um modelo matemático que descreva o comportamento do perfil de velocidade interna a três difusores cônicos, considerando as características do escoamento em torno deles. O modelo proposto baseia-se na lei de Biot-Savart, em que o filamento de vórtice induz um campo de velocidade num ponto arbitrário nos eixos de simetria dos difusores. Os resultados são comparados com dados experimentais obtidos para os três difusores, apresentando boa concordância.
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